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a b s t r a c t
A hyperbolic paraboloid over a tetrahedron, constructed in B–B algebraic reduced
form with its barycentric coordinate system, can be conveniently represented by two
parameters. An arc on the surface, obtainedbydetermining a type of function relation about
the two parameters, has multiformity and consistent endpoint properties. We analyze
the equivalence and boundedness of an arc’s curvature, and give a process of the proof.
These arcs can be connected into an approximate G2-continuity space curve for fitting to a
sequence of points with their advantages, and the curves, connected by this type arcs, are
quite different from other algebraic and parametric splines.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
There are two ways to define curves and surfaces in CAGD and graphics area, these are parameteric and algebraic forms
respectively. The former became mainstream in geometric design due to the convenience of constructing curves/surfaces,
while the latter has many advantages compared with those available, such as a higher degree of freedom to control shape,
higher continuity and better geometric operation etc. [5,1,2,9,8,4]. Several lower degree algebraic splines have been widely
studied in the latest decades, and make good progress in fairly constructing curves [5,1–3]. Most of them lay stress on an
affine transformation over three independent points, and an algebraic polynomial arc defined with new affine coordinate
system over a triangle, which is determined by the three points. As theoretically speaking, the polynomial can be any degree,
but there are too many Bernstein coefficients to discuss for greater than three, and the author has even studied a reduced
case over a triangle too [6]. With research developing on singularity and shape control, cubic algebraic arcs over triangle
are coming into use, whereas continuous space curves, constituted by these arcs, have an obvious drawback is that each arc
being a plane segment because each arc is constructed over a triangle, and one smooth curves are constituted by these plane
arc segments over a polygon chain through choosing Bernstein coefficients. As for the method concerning constitution, that
has an analogy to means of Bézier curves.
The main work of this paper is that extending planar affine transformation into space to construct space arcs, and this
segment is used for connecting to space continuous curves, which means also have similarity of cubic Bézier curves, as both
determined by four nodes with sequence, while these space arcs, constructed in tetrahedron, are determined by the four
space points (assume no coplanarity) through space affine transformation of barycentric coordinates over their tetrahedron.
The representation of arcs is algebraic, which can easily be turned into simple parametric form. Owning to its briefness and
nonsingularity, a quadratic surface is in general use for CAGD, and by this means, varied arcs are yielded on a hyperbolic
paraboloid with different functions. However, it is difficult to yield such arc on this surface with common parametric means
though classic NURBS can do it, and so is not easy to obtain a quadratic spline on a given quadratic surface, Wang [7]
has introduced a means to interpolate data on nonsingularity quadratic surfaces, and his method is primarily based on
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algebraic operation of quadratic forms. The present paper is organized as follows. In Section 2, the hyperbolic paraboloid is
constructed over a nondegenerate tetrahedron. We find arcs on this ruled surface through choosing a function in a given
family in Section 3, and the curvature’s properties of arcs are studied, then use these arc to connect into approximate G2-
continuity curve for fitting to a sequence of points. In what is to follow, Section 4 introduces the means in detail to compose
them, and the application of this method is illustrated with examples.
2. Construct hyperbolic paraboloid
Let P1, P2, P3, P4 ∈ R3 be not coplanar. The nondegenerate tetrahedron (or three-dimensional simplex) with vertices
P1, P2, P3 and P4, denote T = [P1P2P3P4], and P = (x, y, z)T, Pi = (xi, yi, zi)T. Then for any P = ∑4i=1 αiPi ∈ R3 with∑4
i=1 αi = 1, 0 ≤ αi ≤ 1, α = (α1, α2, α3, α4)T are the barycentric coordinates of P in tetrahedron, where the Cartesian
and barycentric coordinates are related byxyz
1
 = [P1 P2 P3 P41 1 1 1
]α1α2α3
α4
 . (1)
The non-coplanar points P1, P2, P3 and P4 guarantee that the 4× 4 matrix in formula (1) is not singular and the barycentric
coordinates are well defined.
Any polynomial F (P) with degree d can be uniquely represented in B–B(Bernstein–Bézier) form over T as F (P) =∑
|λ|=d bλB
d
λ(α), λ ∈ Z4+, where Bdλ(α) = d!λ1!λ2!λ3!λ4!α
λ1
1 α
λ2
2 α
λ3
3 α
λ4
4 are the trivariate Bernstein polynomials for λ =
(λ1, λ2, λ3, λ4)
T, and |λ| gives an indication of ∑4i=1 λi. We also call Bernstein coefficients bλ = bλ1λ2λ3λ4 (λ gives an
indication of λ1λ2λ3λ4) as control points similar as Bézier curve and surface, andZ4+ stand for the set of all four-dimensional
vectors with nonnegative integer components.
An alternate form of algebraic surface in α-system(short for coordinate system of (o, α1, α2, α3)) is denoted as
S(α) =
∑
|λ|=d
bλBλ(α), |α| = 1, (2)
which is an algebraic polynomial of degree d over tetrahedron T: {(α1, α2, α3, α4)T|∑4i=1 αi = 1, αi ≥ 0}, and a patch
within the tetrahedron can be defined by zero contour: S(α) = 0. It should be noted that α are really functions of three
independent variables.
Formula (1) can be rewritten without the use of α4 as:[x
y
z
]
=
[x1 − x4 x2 − x4 x3 − x4
y1 − y4 y2 − y4 y3 − y4
z1 − z4 z2 − z4 z3 − z4
][
α1
α2
α3
]
+
[x4
y4
z4
]
= J
[
α1
α2
α3
]
+
[x4
y4
z4
]
, (3)
where J is the Jacobian matrix of α in terms of x, y and z:[
α1
α2
α3
]
= J−1
[x− x4
y− y4
z − z4
]
, J−1 = ∂(α1, α2, α3)
∂(x, y, z)
.
Thus the surface associated with polynomials over T can be expressed as
S(α1, α2, α3) = F (x(α), y(α), z(α)) = 0.
We also have these relationships involving the two sets of coordinates for the gradient and Hessian (see [5]):
∇F (x, y, z) = JT∇S(α1, α2, α3), ∇2F (x, y, z) = JT∇2S(α1, α2, α3)J. (4)
Let d = 3, there are 20 Bernstein coefficients in formula (2), and the degree of freedom for zero contoursF (P) = S(α) =
0 is 19. It is difficult to discuss so many Bernstein coefficients completely. Now that we are familiar with characteristic of
quadratic surfaces, this paper only takes d = 2 into considered as follows.
Assume P1, P2, P3 and P4 ∈ R3 be a sequence of not coplanar points(otherwise, we complement it in the end).
Let d = 2, formula (2) has 10 Bernstein coefficients. We think over a reduced form with a few coefficients, which is
zero contour surface S(α) = 0 with all Bernstein coefficients being zeros except for b1010 = −1, b0101 = 1 in formula (2).
Consequently, the algebraic surface representation is
α2 = (α1 + α2)(α2 + α3). (5)
A patch by Eq. (5) being a sheet of a hyperbolic paraboloid in a tetrahedron includes line segments of P1P2, P2P3, P3P4 and
P4P1 (see Fig. 1). We also call this uniform surface after transformation as a ruled surface, and here also denote the surface
by S(α).
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Fig. 1. Hyperbolic paraboloid over tetrahedron.
For the convenience of implementation and display, ultimately, spline curves/surfaces in CAD/CAM that we constructed
prefer to be represented as parametric forms to algebraic forms, and Eq. (5) has a simple form with parameters u, v:{
α1(u, v) = (1− u)(1− v)
α2(u, v) = (1− u)v
α3(u, v) = uv
u, v ∈ [0, 1]. (6)
There is a means to define an arc L on a ruled surface in the tetrahedron by determining a function relation u = u(v) or
v = v(u), and the arcs, that we used for composing curves, can be obtained by translating into the initial coordinate system
(o, x, y, z)with inverse affine transformation.
The type of arcsL that we study should achieve these four aims:
1. L in the tetrahedron T, determined by points of P1, P2, P3 and P4, is on the ruled surfaces of algebraic (Eq. (5));
2. L has tangent directions P1P2 at P1, and as is case for P3P4 at P4;
3. Arcs have preferable fairing properties, example as: curvature with a small fluctuating, and minimal strain-energy, etc.;
4. This type of arcs is easy to be connected into a smooth (approximate G2-continuity) space curve.
3. Finding an arc on a ruled surface and its properties
First we give the following theorem about function v = v(u) to find this type of arc on a ruled surface.
Theorem 1. Let V be a family of functions, ∀v(u) ∈ V so that these three conditions are met:
1. v(u) ∈ C2[0, 1], v(0) = v(1) = 0;
2. limu→0+ v′(u) = − limu→1− v′(u) = +∞, v(u) ∈ [0, 1];
3. There exist N > 0,N ∈ R such that limu→0+,1− |u(1− u)v′(u)| ≤ N.
then the arcs, yielded in terms of Eq. (6) with ∀v(u) ∈ V , meet the first two of four aims.
Proof. The set of functions V is obviously not null. It is easy to prove that arc interpolate points P1, P4 because of α =
(1, 0, 0, 0)T when u = 0, v(0) = 0 and α = (0, 0, 0, 1)T when u = 1, v(1) = 0(take note of α4 = u[1 − v(u)]), and
parametric form (6) is differentiated by parameter u:α
′
1(u) = −[1− v(u)] − (1− u)v′(u),
α′2(u) = −v(u)+ (1− u)v′(u),
α′3(u) = v(u)+ uv′(u).
When u→ 0+, then
α′1(0
+) = −1− v′(0+),
α′2(0
+) = v′(0+),
α′3(0
+) = lim
u→0+
uv′(u) ≤ N.
as a result of the direction of α′(0+) being (−1, 1, 0)T, the tangent direction of the point is α2 − α1 in α-system. It implies
the arc, defined by [X(α(u)), Y (α(u)), Z(α(u))], α(u) = [α1(u), α2(u), α3(u)]T, has tangent direction P1P2 at point P1, and
P3P4 at point P4 can be proved in a like manner. 
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Fig. 2. Arc constructed with function v(u) = 2√u(1− u).
Fig. 3. Curvature of arc with function v(u) = 2√u(1− u).
Here is a simple and available example with
v(u) = 2ω√u(1− u), u ∈ [0, 1], ω ∈ (0, 1], (7)
where ω is a shape factor. It is easy to prove that v(u) ∈ V , and its figure is half of an ellipse.
When defined by formula (6) in α-system, the arc shown in Fig. 2 is used by function (7) with ω = 1, and the point on
the arc at u = 12 is the middle point of P2, P3. Its curvature in α-system is described in Fig. 3, and Fig. 4 shows the curvatures
of function (7). It is not enough to discuss the curvature in the coordinate system after affine transformation, whether there
exists some relationship between two curvatures in different coordinate systems? In what follows, we give some answers.
3.1. Equivalence of curvatures between both coordinate systems
In the following, we introduce a lemma firstly,
Lemma 1. Assume λ1, λ2, λ3 be eigenvalues of M = J−TJ−1 with λ1 ≥ λ2 ≥ λ3, and ∀X, Y ∈ R3, then
λ23
∣∣∣∣[XTYT
] [
X Y
]∣∣∣∣ ≤ ∣∣∣∣[XTYT
]
M
[
X Y
]∣∣∣∣ ≤ λ21 ∣∣∣∣[XTYT
] [
X Y
]∣∣∣∣ . (8)
Proof. M is positive definite matrix because of J being nonsingular, then there exists an orthogonal matrix Q ∈ R3×3 s.t.
M = QT
[
λ1
λ2
λ3
]
Q ,
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Fig. 4. Curvature of function v(u) = 2√u(1− u) for u ∈ [0, 1].
and substitute it into inequality (8):
λ23
∣∣∣∣[XTYT
]
QTQ
[
X Y
]∣∣∣∣ ≤
∣∣∣∣∣
[
XT
YT
]
QT
[
λ1
λ2
λ3
]
Q
[
X Y
]∣∣∣∣∣
≤ λ21
∣∣∣∣[XTYT
]
QTQ
[
X Y
]∣∣∣∣ .
Supposed that QX =
[
x1
x2
x3
]
, QY =
[
y1
y2
y3
]
, and the inequality can be rewritten as follows:
λ23
∣∣∣∣∣
[
x1 x2 x3
y1 y2 y3
][x1 y1
x2 y2
x3 y3
]∣∣∣∣∣ ≤
∣∣∣∣∣
[
x1 x2 x3
y1 y2 y3
][λ1
λ2
λ3
][x1 y1
x2 y2
x3 y3
]∣∣∣∣∣
≤ λ21
∣∣∣∣∣
[
x1 x2 x3
y1 y2 y3
][x1 y1
x2 y2
x3 y3
]∣∣∣∣∣ .
We only prove the right part of the inequality, and the left can be proved in like manner. Since∣∣∣∣∣
[
x1 x2 x3
y1 y2 y3
][λ1
λ2
λ3
][x1 y1
x2 y2
x3 y3
]∣∣∣∣∣ =
(
3∑
i=1
λix2i
)(
3∑
i=1
λiy2i
)
−
(
3∑
i=1
λixiyi
)2
(9)
and ∣∣∣∣∣
[
x1 x2 x3
y1 y2 y3
][x1 y1
x2 y2
x3 y3
]∣∣∣∣∣ =
(
3∑
i=1
x2i
)(
3∑
i=1
y2i
)
−
(
3∑
i=1
xiyi
)2
(10)
have λ1 ≥ λ2 ≥ λ3 for formula (9) and (10), as a result,
λ21
( 3∑
i=1
x2i
)(
3∑
i=1
y2i
)
−
(
3∑
i=1
xiyi
)2−
( 3∑
i=1
λix2i
)(
3∑
i=1
λiy2i
)
−
(
3∑
i=1
λixiyi
)2
= λ1(λ1 − λ2)(x21y22 + x22y21 − 2x1x2y1y2)+ λ1(λ1 − λ3)(x21y23 + x23y21 − 2x1x3y1y3)
+ (λ21 − λ2λ3)(x22y23 + x23y22 − 2x2x3y2y3) ≥ 0. 
So the lemma holds.
Theorem 2. The denoted curvature of a point on arcL to be κ in the coordinate system (o, x, y, z), and κ in the coordinate system
(o, α1, α2, α3), let the matrix of affine transformation from (o, x, y, z) to (o, α1, α2, α3) be J, and λ1, λ2, λ3 be eigenvalues of
matrixM = J−TJ−1 with λ1 ≥ λ2 ≥ λ3 > 0, then both curvatures have an equivalence relation:
λ23
λ31
κ2 ≤ κ2 ≤ λ
2
1
λ33
κ2.
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Proof. Assume the parameter of a point on L in (o, α1, α2, α3) be u0, and α′(u) = (α′1(u), α′2(u), α′3(u))T, α′′(u) =
(α′′1 (u), α
′′
2 (u), α
′′
3 (u))
T, by the formula of curvature
κ2(u0) = (α
′(u0)× α′′(u0)) · (α′(u0)× α′′(u0))
(α′(u0) · α′(u0))3 =
∣∣∣∣[α′Tα′′T
] [
α′ α′′
]∣∣∣∣
(α′ · α′)3 ,
κ2(u0) =
∣∣∣∣[α′Tα′′T
]
M
[
α′ α′′
]∣∣∣∣
(α′TMα′)3
and Lemma 1, we can obtain the theorem on equivalence relation of curvature.
On considering the values of curvature about an arc on a ruled surface, the variable values after transformation can be
estimated by eigenvalues of a transformation matrix, Theorem 2 therefore providing valid theoretics for fair composing of
curves. Additionally, we also discuss the boundedness of curvature as follows. 
3.2. Boundedness of curvature
Theorem 3. Assume v = v(u), u ∈ [0, 1] to be a function in V in terms of Theorem 1. The curvature of an arc, which is on a
hyperbolic paraboloid defined by formula (6), is bounded if the curvature of function ρ(u) = v′′(u)
(1+v′(u)2) 32
is bounded. Supposed
that ρ0 be curvature of v(u) at u = 0 and ρ1 at u = 1, and we have:
|κ(0)| = |ρ0|
2
√
2
, |κ(1)| = |ρ1|.
Proof. Deduced by Theorem 2, the curvature is bounded in the initial coordinate system if we can prove that it is bounded
in (o, α1, α2, α3). We calculate the curvature
κ(u) = |α
′(u)× α′′(u)|
|α′(u)|3 ,
and get following formula after a short calculation,
κ2(u) = [2v
′2 − vv′′]2 + [2v′2 + 2v′ − (v − u)v′′]2 + [2v′ − (1− u)v′′]2
[(2(1− u)2 + u2)v′2 + 2(1+ 3uv − u− 2v)v′ + (1− v)2 + 2v2]3 .
κ2(u) is a continuous function about the parameter u ∈ [0, 1], so the curvature is bounded if κ2(u) is bounded at two
extremal points. From the supposition of Theorem 1: limu→0+ v′(u) = − limu→1− v′(u) = +∞ and v′′(u) = ρ(u)[1 +
v′(u)2] 32 , consequently
κ2(0+) = lim
u→0+
[v2 + (v − u)2 + (1− u)2]ρ2(u)(1+ v′2)3
[2(1− u)2 + u2]3v′6
= ρ
2(0)
8
= ρ
2
0
8
,
and conclusion of
κ2(1−) = ρ2(1) = ρ21
can be deduced in like manner. 
What we have proved in the previous theorem is to discuss the equivalence and boundedness of curvature in both
coordinate systems. Based on these theorem and the arcs on a ruled surface, it is handy to achieve the third of the four
aims.
There are many familiar functions in V for us to use, such as
v(u) = ω
√
2 sin
(
β1
pi
2
u
)
cos
(
β2
pi
2
u
)
, ω ∈ (0, 1], β1, β2 ∈ (0, 1), (11)
Fig. 5 shows the curve yielded by trigonometric functions, and its curvature shown in Fig. 6. Additionally, the exponential
function
v(u) = ω√
e
1
4 − 1
√
eu(1−u) − 1, ω ∈ (0, 1] (12)
also satisfies it.
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Fig. 5. Arc with trigonometric function v(u) = 1.2√sin( pi2 u) cos( pi2 u).
Fig. 6. Curvature of arc with v(u) = 1.2√sin( pi2 u) cos( pi2 u).
3.3. Compose approximate G2-continuity curves with arcs
We discuss the equivalence and boundedness of an arc in different coordinate systems in the previous section, with
properties of arcs, they need to be joined into approximateG2-continuity curves. Owing to the supposition of Theorem1with
limu→0+ v′(u) = − limu→1− v′(u) = +∞. Using L’Hospital rule, we can deduce that |u(1−u)v′(u)| = |[u(1−u)]2v′′(u)| ≤
N when u → 0+, 1−. By the formula of curvature: ρ(v) = |v′′(u)|
(1+v′(u)2) 32
, values of ρ0 and ρ1 in the neighborhood of two
endpoints are small, and we consider these small values to be equal, and so are the endpoints of the arc in (o, x, y, z)
by Theorem 2 (see Figs. 3 and 6). For this reason, we can obtain approximate G2-continuity curves with these arcs over
tetrahedron chains, and it is unnecessary to consider other additional constrainable conditions for arcs.
4. G2-continuity curve for fitting and examples
A G2-continuity approximation curve can be composed of those arcs according to theorem above and themethod of joint
in line with cubic Bézier curve with four control nodes, and its steps are described at length as follows:
1. It is supposed that {Pi}(i = 0, 1, . . . , n, n ≥ 3) are a sequence of points in space, and n is an odd number. If n be
an even number, we can add one point in the sequence or discuss the first n − 1 points expect point of nth, and also
construct an arc for the latter in a triangle through algebraic means, which can be used to join similarly (refer to [5]).
The detail of means is that choosing a new control point P∗k = tkP2k + (1 − tk)P2k+1(tk ∈ (0, 1)) between both points
{P2k, P2k+1}, k = 1, 2, . . . , n−32 , and a new sequence comes into being after the new points been inserted. The initial
sequence between every both points, here tk are also shape factors used to determine the position of kth new points,
which also can be used to adjust the site locally for curves, and have an analogy to Bézire control nodes.
2. Construct arcs in every tetrahedron P0P1P2P∗1, . . . , P
∗
kP2k+1P2k+2P
∗
k+1(k = 1, 2, . . . , n−32 ), . . . , P∗n−1
2
Pn−2Pn−1Pn. Should
the four points P∗k , P2k+1, P2k+2 and P
∗
k+1 be coplanar, wemay dealwith it bymeans of an algebraicmethod in triangles [5,
1–3], which have similar geometric properties of arcs’ endpoints. As a matter of fact, our means also can be applied in
cases of coplanarity, and the fitting of a curve is at least G1-continuity.
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Fig. 7. Curve constituted by arcs with function v(u) = 2√u(1− u) for space points.
Fig. 8. Curve constituted by arcs with function v(u) = 1.5√u(1− u) for space points.
Fig. 9. Curve constituted by arcs with function v(u) = 1√
e
1
4 −1
√
eu(1−u) − 1.
3. On making the sequence of points and tetrahedrons certain, in each arc exists local shape factors in all manner of the
function v(u) for adjusting its shape. Finally, each arc, used for curves, must take an inverse affine transformation and
come back to its original coordinate system. The curves, being constituted by these arcs, have geometric continuity
at every arcs’ endpoints for tangent directions according to Theorem 1, and approximate G2-continuity because of the
curvature of all points P∗k being small real values, otherwise, seeking for the conditions of strict G2-continuity, we must
solve system of equations about factors in functions.
4. Space curves, constituted with this means, are approximating curves for scatter data in space. Of course, we can also use
it to interpolate scatter data (see Fig. 7).
Example. Following space figures are examples to illuminate G2-continuity fitting of a curves that are joined by arcs with
different functions v(u) and factors. As is shown in Fig. 7, it uses function (7) with ω = 1, and curve interpolate midpoints
every two neighbor points in the sequence of points but endpoints in each tetrahedron. In Fig. 8, function (7) is also used
with ω = 0.75.
As is shown in Fig. 9, it uses exponential function (12) with ω = 1, and has an analogy with function (7). Fig. 10 uses (12)
with ω = 0.8. The curves being composed of arcs with both types of function show similarity.
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Fig. 10. Curve constituted by arcs with function v(u) = 0.8√
e
1
4 −1
√
eu(1−u) − 1.
5. Conclusion
A study has beenmade on constructing space splines on a hyperbolic paraboloid over a tetrahedron in foregoing sections,
and the uniform tetrahedron has been obtained by affine transformation of barycentric coordinates for a sequence of 4 points
in space. The surface represented by B–B algebraic reduced form, can be conveniently represented in parametric form. Arcs
on it, determined by a type of function relation about the two parameters, can be connected to an approximateG2-continuity
space curve with their properties of endpoints. The method of constitution with segments is in line with Bézier means, but
the principle and segments are quite different to those available. It has differences as follows, and achieves the latter two of
four aims:
1. The arcs have traits of fairness, because the arcs are yielded on a hyperbolic paraboloid, and the functions v(u)what are
chosen may have excellent geometric characteristic.
2. Owning to the properties of endpoints (also joint points) of arcs, they are easily connected into an approximate G2-
continuity curve fitting to a sequence of points, and the arcs are originally in space, unlike other algebraic means in a
plane.
3. Ultimately, the arcs are represented by parametric method completely, which avail to implement.
4. In general, an arc has been yielded in uniform form in (o, α1, α2, α3), and arcs for use in Cartesian coordinates are almost
no additional work involved except that the arc is transformed to different tetrahedrons, which is a linear operation, and
the curve can be adjusted locally with the factors of functions.
5. A considerable variety of arcs can be yielded with different functions in V , and one curve also can use different arcs with
different functions, all of these come down to the quality of the arcs.
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